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In scientific and even in everyday reasoning, and also in our intuitive
understanding, relevance-preserving is of particular importance alongside
truth-preserving. In another hand, we deal with many reasonings that are
approximate and are true to a certain degree. In this article, considering
two important categories in natural language and logic, namely
"relevance" and "vagueness", with a formal approach, and in continuation
of the work of the my MSc's thesis entitled "Fuzzy Relational Logic: A
Propositional Approach”, we present a Hilbert-style system and a
hypersequent calculus as proof theories for fuzzy relevant semantics, and
introduce logics are constructed whose reasoning is both fuzzy and
relevant, and are called fuzzy relevant logics. Some fuzzy relevant logics
(such as FRM) are obtained by eliminating the constants F and T, and some
others are obtained without eliminating these constants and by adding the
guaranteeing logical rules of prelinearity and excluded middle. In addition
to the considerations of proof theory, the metatheorems of these logics will
be addressed and the soundness and completeness (or incompleteness) will
be proven with respect to ordered linear algebras (matrices). Philosophical
considerations based on these proof theories and also the investigation of
structural rules for resolving vagueness paradoxes are among the
philosophical considerations of this research.
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Extended Abstract

Fuzzy logic challenges the bivalence principle of classical logic and relevant logic challenges
the barrier of classical logic and the category of material implication. The purpose of fuzzy
relevant logic is, firstly, like relevant logic, to eliminate the paradoxes of material implication,
and secondly, like fuzzy logic, to eliminate bivalence paradoxes such as the liar paradox and
sorites paradoxes, etc., and finally to achieve logics that their reasoning is both relevant and
approximate. The main task of fuzzy relevant logic, as defined by Priest, is to fuzzify relevant
logics in order to achieve logic or logics that contain fuzzy and relevant reasoning (Priest, 2008.
231)

The research method in this article was, first, the axiomatic method, and in this regard, the
basic theories of the research are explained and expanded. In this way, first, with a propositional
approach, the axiomatic, and sequent and hypersequent calculus proof theory of the various
versions of relevant logic R, pretabular logic LR and fuzzy relevant logics RM, UL and FR and
their extensions were formulated and presented. Corresponding to these axiomatic systems, the
algebraic semantics and corresponding algebraic varieties of each were examined, soundness
and completeness meta-theorems was studied with respect to these varieties and linearly
ordered matrices for those systems.

Secondly, the method of this research was descriptive-analytical, and in this research, as a
theoretical and fundamental research, with the method of logical analysis and the use of non-
algorithmic axiomatic method and algorithmic sequent and hypersequent calculus methods, as
well as algebraic methods, the justification and verification or refutation of the research
hypotheses, namely the completeness or incompleteness of the axiomatic and hypersequent
calculus of fuzzy relevant logics, was studies. In this research, by an a priori-deductive
approach and by considering the consistency, soundness and completeness of FR with respect
to Routley-Meyer semantics and also algebraic semantics of UL with respect to linearly ordered
matrices, and their propositional extensions, and also with the help of some intermediate
theories (from fuzzy, relevant and linear algebraic semantics), the research theory (as a
coherent set of related theorems presented in the hypotheses section) was proven.

In this paper, by examining new works in the field of fuzzy extensions of relevant logic R,
and discovering extensional relations between various fuzzy, linear, and relational logics in the
neighborhood of FR fuzzy relevant logic, it was shown that the axiomatic systems and the
hypersequent calculus presented for FR are strongly complete with respect to the semantics
presented for various versions of FR, including algebraic semantics (with respect to the class
of all chains, including Demorgan monoids and those with linear order) and Routley-Meyer
semantics. However, the direct proof of completeness and also the decidability of the strong
versions of FR, namely FRT and FRY, is still an open problem, and it is hoped that we will
achieve answers to these questions in future research.

Philosophical considerations based on the proof theories introduced and described, as well
as the study of structural rules for resolving vagueness and relevant paradoxes, are among the
philosophical considerations and philosophical applications of this paper in next research. Also,
the description extension of fuzzy relevant logic FR and its use in artificial intelligence (Al) as
a basic logic for knowledge representation and reasoning and knowledge graphs and the
application of these graphs in symbolic artificial intelligence (symbolic Al), robotics, and
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semantic web topics, as well as its implementation in several large ontologies and the
construction of expert Al assistant are other practical points of this study.
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(Y-Voa
(Ae(BoC))— ((AeB)eC)

5 a,ke FRY 3 ol LB gblas Koo

1) FPAQ—(P-Q)

(2) F(Po(QAR) = ((P-Q)A(PeR))
B) F(PeQ)—(QeP)

4 rP->(Q—-R)<(P-Q —R)
5) FP— (PoP)

6) - ~~P—P

(") F(P—->Q) —(~Q—~P)
@ FP—-QVR) = (P—-QVEF—-R)
©) F(P=>QVR)AQR—-R)—(FP—-R)

Sly 25 s RYGLLAS g3 4y e 5o cuad Juol & Lol sl (ol o83 9 A bl 5 ¥ a8 o o

pil) 4 Y Ol ) @S o <Ll (P = (QVR)) A (Q = R)) = (P R) w57 4028 g

1. (P->-QAQ—R)—(P—-R) Rla s

2. (P>RA(Q—R)—>((P—R) A5

3. (P>QQAQ—-R)V((P—-RA(Q—R)—((P—-R) 1,2, A6,
A8

4. (P-QVP—-R)A(Q—R)—>(P—-R) 3, A2, A9

5. (P>QVR)A(Q—R)—(P—-R) A apzb o4

Y Jsep (P = (QVR))A(Q—R)) = (P — R) acad (RIS ()0) s
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sl 25 Sppe 4 RM g UL o) (656 slaglaio (9090 Juol g loged
RM: R + ¢ =(p = ¢) (Mingle)
FR:R+ (¢ =)V (1§ — @) (Lin)
R c FR c RM
K UL (Metcalf & Montagna, 2007)

Craig and deductive interpolation

FR: GUL + Left contraction properties (2010)

CnUL  GCrUL (Wang, 2012)

(Metcalf & Montagna, 2007)

(Metcalf €
(Yang, 2009) HPsUL
ULw non-commutative UL
UL = UL + r-weakening: (¢ e ) At) < ¢ MIAL MICAL

(Yang, 2022)
RM 5 UL pwg oy, 556 slaghie crmwgi jloges ) S50

Sl y olua (b 9 @ a3 Y- -V
by Sl o5 bl 30 5 wien UL 55 5 PR glate cllio 0l )5 (o) (658 arly sl o5 b1l
il 0 (b 55655 Ylis 1 UL g FR glate 5 L apluan (L) 5 (556 o bs 4y slagslaie gl (o500
LS g ¢ allSie VY ¢ s VAR il 2.50) 33,5 0 zakao ) Slap ks cllas Mo yaisto g s it

(Yo oV

Clp € pleS iy g € bl oacls ¢ 3938l b ¢ jargn oacls b JolS' o) (651 shate:FLe (o568 shato .Y
Ll s 4y Sal (3lais 4 (0) (pline cilas

Jeolg Gio b (Yo oA o) » CF by Ghate ploa L)RWT ghie RW' oLl 86 cute by shaie .Y
bl o cawd 4 DIS ol 34580 g FLe

[oA(y Vo)l—=[(0 Ap)V(pAY)] ¥

285 L5 5| g B i ol g 028 UL 53 il (35 Bl iy RW (ol 136 Loy gl ¥
it 5 UL (bLas (5 900 sblas alex jI 5) RW

ige 5 (VAVY) oI5 Lawgs Mits (RT) R jslate (a5 385) Coto o) (sl (i Bl b Jb 5 ady olas 5 20

S L5 5 ol g el 355 S 4y 35l (slodidy Sl 3816 jgin R laie 395 Lol e slyiiis (VAVS)

"' Full Lambek Logic with exchange
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Ve
o) 31 585 5 ) (VAAY) g5l bawgs )l cputanss o il (gl Ol o LB RM ) (636 e .5
(YEF-YYR AV ) Canl (S9)d Caumdl 35 9 oy 28l a8 > g5 o ylay )l QLS o |y Glus
58 hate ) amas g (oLl gyl aelgd Blo b UL 5 S5 sy (656 slate (sl gl pl Ol .Y
oo (VoV) WStige 5 Ao basgs )l oyl sl of sl ol Sluos g Glaio ol il 0 Casd & 365 (053
A
o39) s 4y el R Glate (15515 (slbasens el 2] (ghicd) Cluo (slagylays 4l 3925 pus 4 d2g5 |
Wle R late slagaws Elpw 4 b mpnS L 1) Lioled (glaisy Clus oo 1L b PR (glaws) ol b (glassy Olas
oo (v g SI dSLg0 5 AlSto) Ublato ylo (pgzrad dlis cnl 53 magp UL £35S gt oz 55 9 RM
S oty pod
Sy Widgr 03,5 byma (Yo o¥) WSlige g ilSto 8 GUL pb b UL ) Lnpss 45 amd o ol Y+IY o Sl
5 b CalUL wilo o () (658 (slagugs 55 5 QUL (gl Glaos (Bpme a5 sl (o) (5306 (3late
(YT «S3lg) 135 o it |, CaUL el 3,15kl capoles
g Jad & Gl ) spbpis el COM ols ()il oacl b ST a8 ol ol dlie (50,5
SIUL+ = (B © B) ) (F++V) USbie 5 s i >0 o by (536 i S Sl [l
cad & R @ cubs Jol 34580 51 a8 FR 565 LT imen .csl FR 3hate olea (R + PRL) (W1 ¥40) SSU 6
Sl s pdiis wly ul
GIUL Jbazy clad)pl ol s 5 w23l s GUL (ol (s (658 SO (gl ol Dl (850 4 it
il o (SM 90 b alite) ()5S 42 geoa) )5 b degarme Sy ety ) S oS o Byne |y
['n =A41]..| Th =An
I=1,.. 0,0 Gl a «atsp slan b g daJge,d 5l alie 5,5 slaasgomme jl cipe zo5 o [i =A; (o o oS
2 1=1,0 0N o gl 4 31 0945 o0 ol €LY 5 a3b o Blaas Juad @bl yommed 5 | 5l (6090 pens il oo
«Jbsin» (glans pl Olus «ygo ool pé 53 9 23k o € JBSN ey pl Clus o5 o] sl Aj giae Jgoy3 S
ol G osles b aST« g, LS iy o S b )bt b g e delgd 15 g Jgeme (pilel (sladid, omen g anles
1S dsgezme S LS A gl A g T S6 acgome 9 gloinl ,Slis TVA piomon a8 o JET g 00 315
ol {A} (oacs

! Multiset
2 Side Hypersequent



AR/ @55 IFR (55U Ghio oy (b 1 pbid (63,505 0l 5 By o5y LS

Slasle GUL ) (656 oo JUCSS (gl ol luss 5 Lalais 5 gyl selsd op3lel glaas,

(a0io (ighs delB) (el loarsy -

A= 4 (ID) = (f’l) =7 (t’r) rL=A (J_) I =T,A (T)
i shlaio Aslg8 -

G| I'=A G| I'=A

G| T,i=A (t.1) G| T =f,A (f.n

G| Th'=4,Ar G|I2=B,MA (_)1|) G| T',A=B,A (_)’r)

G| TN, T2,A—=B = A1, G| I'=4—>B,A

G| T, A=A Gl I=4,A G| I2=B,MA

G| T AANB= A ©,1) GITI,b=40B, Al , A ©.r)

G| T, A=A G| T,B=A

G| T,ANB=A (A1) G| T,ANB=A (A 1)2

G| T, A= A G|F,B:>A( ) G| IT=4,A G\F=>B,A(A,r)
G| T,AVvB= A G| I'=4AB,A

G| T=4,A
G|T=AVB,A

G|T=B,A

(V.r)s GIT=AVB,A

(V.r)2
(sl Jols 5 U Fisgm chunds kg oLl self) g )bl selgs -

GIT= A|T= A G
G|F=>A (EC) G|F=>A (EW)

G Th, A= A G| Ih=A4,A
G| T, =AM

GIT,IT=A G|Th,IL=%
GIT, I = AT, =3

(CUT) (COM)

» G adypl S 5168 bae s caizen )l Sl ol sl (BC) Gy (oL&1 5 (EW) (Ggyer ciunds sclys
L5 (EC) 5 (EW) selgs Jlocl o <8 cusls anlgs 3955 S € G sy S, Jibior ol5 ] ety lizzad 1 GUL

oiel & (G35 itun ;S (ladegaze p Jolido iyl ob g ity oo o lol ] przen sl gl
s eyl ol oS ol 2 026 L1y 35 (COM) ol 0sels 5 mlis jloxa |, Jbis lucs 51
2wl o cawnd 4 GIUL Ly, 456

GITh, =%, A G| I, Ih=3%,A
(COM)
G, I=A,A I, [L=%,%

02938l b ol (JUSS (gl ol Ol 45 1539l o0 e 4 5 (556 Blaie G I ppimen LSS0 ¢ CallSa

S sy pl Ol GIUL 4 o] 539331 b uiomen 9 ] 0 cawd 0 GUL & (CL) Lo camas ()bl 0acls

onl pU cllio cpl 5 datias BIS 5l (Sl (1) (AV V- -V diSTigo 5 AllSo) ] o G 4y ) (556 (gl
(o) o RGIUL yRGUL iy a1y mas oy 656 slaclus

! External Contraction

2 External Weakening

3 Communication rule (COM)
4 Exchange rule
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GIT,4,A= A (L)
GIT, 4= A

5 slate Sy gl Glas GUL Gls 4y o (ol (381 L 4 WSLig 5 allsie adly ol 4 5 S
RGUL (glaisy pl Slas ol LT S el o] g 0] o Lt JIg S5 b (Y VY oSlg) 058 o )Ll T o s 4 o,
Sl FR Ghie flon RGUL U g 56,00 )y (656 shato b cul FR late (glatsy pl Clus lon

e G PR crheiy Ceol Cwngdd s dlie YT i & kgl
Ll canl (B (568 Jlao gl 8L ¢l Jbs 2,8 I FR kis 51, (AA (BV C))— ((AAB)VC)
g ol odal 1 Jgey3 oyl (gladypl Olus L3l 15 50 98 b cnn o RGUL Clus auss Jgo,d ol LT ouiS
Cw| FR d‘du.w)))l u‘.w> RGUL u)])JL) 9 009 RGUL 4;..4.9 J}a)ﬂ d" u:‘flu

5= c=c® =D

B>Clc=>8 M c=cie=8%E" =30 )
BVC= C[C=8 VD gves cs=BEN .
A=adD) , BVC= C[BVC=B wv.h .
AABVO = C[A=SAET) 02 BVC= ClAABVO =B (D2 02
AABVO = CIAABVO=SAND AABVO = CIAABVO =B D
AABVO = CIAABVO=AAB W ()
AABVO) = (AABVO]AABVO SAAB Y )

S AABVO) S (AABVO[AABVCO =AAB
S AABVO) > (AABVCO [AABVO = (AABVC

= (AABVO)=(AABVCO) [ =AABVCO)—= (AABVC) ’ ’EC)

= (AABVC))— ((AA B)VC)

GL 5 0scls o clodia ol ;51 sl jloxe GL ((slatiypl L) cohind) s Sa (sl oaels o 1) i o5
(el U) sy ol Sy (sl 0355 o nmizmad 334 il S o 9 30 o (b5) 45 sl vl
sl pielsl o o] 53 3 o Slodie il pbeelsl GL > 0168 o (ubs) dones o5 ST el piyig )y GL

el e RGIUL 3 RGUL . GIUL . GUL sl oy i 1) a0t

6353 9 Sl oy 9o 8 (S 9y 2 Jol 45 o0l il 90 5 Calimaigd S 4 ooy il eslatul L ol
Jge 8 > kel Gl 2ol s pdog)ly 5o g ccunl Cunly g co Slosde Sl S 1 ST ()jg (s9) ol il L
(AOF=AQY (Y eV LSS ge 5 o Sy it Ol s (glp) 235 0 Juobs oy

(cesl 3 Jg GFIUL 5 GIUL (o) sl e GFUL , GUL ol S s Y

(ABAADE ¥+ -V diSge g cillSia 15", wlsl (gl sl

FR sLladl $ g S 4yl oMo .F

Bass (] Cuoles 0l 5 R Ly 3hais g1y 0 1)) sloSKtlows o b0 53 wivo) ol 53 (55655 ©Vlio gy
st gm R Ghic G5 Gasg clp ord @) cacSalow 5 slilaly b cal 039 (6> srSilow L
NN (St 305 axnlpe wises cly) &y gl b SKitlaws b sl 0391 gy sloSitlow b FR 555655
2SS Sl b RM celes cilsl 4 o oy (656 sla slaie dine 45 coles cldl gl (Yo V) o SSL V-V o SSL
W @ s FR slate a5 el osis 0l gy clacKilow p3 (VAVS ¢)13) 33,5 o0 VAVS 13 s Sl bawgs
5 FRU s 5 cunles ol ccanl (558 plo 5 g s i sl 9 15900 (slao g3 Jols oo ples

(TYY XYY (L) ol 03l 1) Y4VY dlis 5 SiL 1y FR gl I FRT

! Admissible
2 Invertible
3 Schiitte-Tait style cut-elimination proof
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