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In scientific and even in everyday reasoning, and also in our intuitive
understanding, relevance-preserving is of particular importance alongside
truth-preserving. In another hand, we deal with many reasonings that are
approximate and are true to a certain degree. In this article, considering
two important categories in natural language and logic, namely
"relevance" and "vagueness", with a formal approach, and in continuation
of the work of the my MSc's thesis entitled "Fuzzy Relational Logic: A
Propositional Approach", we present a Hilbert-style system and a
hypersequent calculus as proof theories for fuzzy relevant semantics, and
introduce logics are constructed whose reasoning is both fuzzy and
relevant, and are called fuzzy relevant logics. Some fuzzy relevant logics
(such as FRM) are obtained by eliminating the constants F and T, and some
others are obtained without eliminating these constants and by adding the
guaranteeing logical rules of prelinearity and excluded middle. In addition
to the considerations of proof theory, the metatheorems of these logics will
be addressed and the soundness and completeness (or incompleteness) will
be proven with respect to ordered linear algebras (matrices). Philosophical
considerations based on these proof theories and also the investigation of
structural rules for resolving vagueness paradoxes are among the
philosophical considerations of this research.
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Extended Abstract

Fuzzy logic challenges the bivalence principle of classical logic and relevant logic challenges
the barrier of classical logic and the category of material implication. The purpose of fuzzy
relevant logic is, firstly, like relevant logic, to eliminate the paradoxes of material implication,
and secondly, like fuzzy logic, to eliminate bivalence paradoxes such as the liar paradox and
sorites paradoxes, etc., and finally to achieve logics that their reasoning is both relevant and
approximate. The main task of fuzzy relevant logic, as defined by Priest, is to fuzzify relevant
logics in order to achieve logic or logics that contain fuzzy and relevant reasoning (Priest, 2008.
231)

The research method in this article was, first, the axiomatic method, and in this regard, the
basic theories of the research are explained and expanded. In this way, first, with a propositional
approach, the axiomatic, and sequent and hypersequent calculus proof theory of the various
versions of relevant logic R, pretabular logic LR and fuzzy relevant logics RM, UL and FR and
their extensions were formulated and presented. Corresponding to these axiomatic systems, the
algebraic semantics and corresponding algebraic varieties of each were examined, soundness
and completeness meta-theorems was studied with respect to these varieties and linearly
ordered matrices for those systems.

Secondly, the method of this research was descriptive-analytical, and in this research, as a
theoretical and fundamental research, with the method of logical analysis and the use of non-
algorithmic axiomatic method and algorithmic sequent and hypersequent calculus methods, as
well as algebraic methods, the justification and verification or refutation of the research
hypotheses, namely the completeness or incompleteness of the axiomatic and hypersequent
calculus of fuzzy relevant logics, was studies. In this research, by an a priori-deductive
approach and by considering the consistency, soundness and completeness of FR with respect
to Routley-Meyer semantics and also algebraic semantics of UL with respect to linearly ordered
matrices, and their propositional extensions, and also with the help of some intermediate
theories (from fuzzy, relevant and linear algebraic semantics), the research theory (as a
coherent set of related theorems presented in the hypotheses section) was proven.

In this paper, by examining new works in the field of fuzzy extensions of relevant logic R,
and discovering extensional relations between various fuzzy, linear, and relational logics in the
neighborhood of FR fuzzy relevant logic, it was shown that the axiomatic systems and the
hypersequent calculus presented for FR are strongly complete with respect to the semantics
presented for various versions of FR, including algebraic semantics (with respect to the class
of all chains, including Demorgan monoids and those with linear order) and Routley-Meyer
semantics. However, the direct proof of completeness and also the decidability of the strong
versions of FR, namely FR" and FR!, is still an open problem, and it is hoped that we will
achieve answers to these questions in future research.

Philosophical considerations based on the proof theories introduced and described, as well
as the study of structural rules for resolving vagueness and relevant paradoxes, are among the
philosophical considerations and philosophical applications of this paper in next research. Also,
the description extension of fuzzy relevant logic FR and its use in artificial intelligence (Al) as
a basic logic for knowledge representation and reasoning and knowledge graphs and the
application of these graphs in symbolic artificial intelligence (symbolic Al), robotics, and



Paraconsistency, Relevance and Vagueness: A Proof Theoretic Approach to Fuzzy Relevant Logic FR / Nabavi 327

semantic web topics, as well as its implementation in several large ontologies and the
construction of expert Al assistant are other practical points of this study.
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(Y+Voa
(Ae(BoC))— ((AeB)e()

5 as)ke FRY 5 sl L6 blss S5 ;)

(1) FPAQ —(PeQ)
(2) F(Po(QAR)) < (PQ)A(PeR))
(3) F(PQ)—(QeP)
4 FP—->Q—->R)<(PoQ—R)
5) HFP—> (PoP)
(6) H~~P«<P
(7 FEP—->Q—(~Q—~P)
@) F(P—>(QVR)) < (P—>Q)V (P —R))
9 F({(P—=>(QVR)AQ—R))— (P —-R)
ly i o s RY (LU g3 4y o)l o culas ol & ] sl (gl 488 5 A (gLl 5 ¥ s o o

ortl) Y S5 1) o 311y (P = (QVR) A (Q = R) > (P> R) i ] 05 i

L. (P=>QAQ—R)—(P—R) Rla.z3

2. (P=R)AQ—-R))—(P—-R) AS

3. (P=QAQ—=R)V(P—->R)A(Q—R))— (P —R) 1,2, A6,
A8

4, (P-QVFP—->R)YA(Q—R))—(P—R) 3,A2, A9

5. (P=QVRYAQ—=R)—=(P—R) A a5 5 4

ol 25 U)yoduRM UL t5]4:.’) Lg)lﬁ dl.&:d.]a.w u&}.o}n ‘_J-aol 9) )l)}@»)

RM: R+ Mingl
) Jge s uJ|(((Il’) 58 v_f()?;\ ((Q B§)§)—> (P > R) aad (RO (o)s) S
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FR:R+(p > ) V() - @) (Lin)

R c FR c RM
K UL (Metcalf & Montagna, 2007)

Craig and deductive interpolation

FR: GUL + Left contraction properties (2010)

CnUL  GCrUL (Wang, 2012)

+1

(Metcalf & Montagna, 2007)

(Yang, 2009) HPsUL
ULw non-commutative UL
UL = UL + t-weakening: (¢ e ) At) < ¢ MIAL MICAL

(Yang, 2022)
RM 5 UL gosss (ary 658 slaglate (gnmmgi jloged ) S

Sl y olua b 9 @ a3 Y- -V
loard) Clus & o] 135 5 ettn UL 33 s FR glato wllio ol 3 o) (658 42y sloptu 45 201
ool 005 >b 5s56sS Ylie 3 UL 3 FR shaie 95 b aslos Loy 5 (636 clad by cboslate gl (ot
LS Lsge 9 o V¥ Y uws VAR aisee] 1.5) 33,5 0 zokae ) Slay a)las SllasMe paisee & jgo 4 izl
Y+ eV
Sly €spieS 7 g € Qlbrled 012 93 (9381 L g 2ol b Sl ol (556 (3hate FLe (56 ghaie )
oo s 4y Sl 3haie 2 (0) (line s
S Bl b (VoA ) 9 CF ) slate ploa L)RWT ghaie RWT L1 66 o b (3hato .Y
2l oo cawd 4 DIS Jol 39331 9 FLe
[oA(y Vo)]=[(9 Ap)V(pAY)] .Y
o sblas jl amg BB isu bl cuns 40a8 UL > Gaclae a8 Bis wis o RW oLl 186 Ly, laie . ¥
i 55 UL (gblas (5505 slLab alox 51 9) RW
Fize 5 (VAYF) 5l s Mataus (RY) R s (1285 388) o o)y (sl o Bl b Jb S5 ) Ol 5, .0
I a5 5 sl 5 el ()38 S s 3 bl (eloand ) Cluos 436 join R shate 393 Lol s slgiiy (VAVS)
Jbwy buwgs o glize astas 9 (VAAY) iy bawgs oad 1) « ioled Olusd R aisy Clus (gl (98 b 3990

! Full Lambek Logic with exchange
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(FEFFYR AFY (o) Gl (900 Chumadl 5 g iy 281 &S W0 lo¥ o oyl ey ylas LS 0 1) Ol
556 laie 3l i g (oI o)kl selg Blo b UL pp 6 oy (56 hate (sl syl Ol .Y
oo (Yo o¥) WSlge 5 illSie bawsgs )l oyl sl of sl ol Sl g Glaito ol il Casd & oS 0y
o) s & sl R gt (5665 slaases (sl o)l (gl Olus (slagylayy ks 3929 pas 4 25 L
sl R glate (clogsgi Elpw 0 b ma S Gl |y laled sty Gl joe L b FR (gl b gy Gl
e (o 9 S WSWge 5 WSe) b glate plo gzman Alae ol 3 pag UL p 35 laie slagews 55 s RM
S o ot g
s Wi3gy 03,5 byma (Yo o¥) WSlge g ilSto 68 GUL pb b UL | Lnpwss 45 amd o ol Y+IY o oSl
5 by CaUL wile o (ayy 536 oo 55 5 GUL (sl ol Glao (Byme 4y g ol () (536 Gt
(YAY «S3lg) 155 o il |, CaUL (gl 3,5kl capsles
g b & Gibae ) oy palst c COM als o lislo oels b 81 &8 ol ] 5 Alie 55,5 Lois
SAUL+ @ = (P O @) )(v-V) iSlige 5 Wlso alio ) 005 ()20 () 558 Blaie oS Sl ) (LSl
s & R @ ot ool 539381 5 48 FR 395 LT iocen el FR. ghaia gloas (R + PRL) (cill Y+10) (il 3
Sl s pdiis wly ul
GIUL Josy slacd)pl Glas o 9 mibpee GUL (el (658 JUS (gl pl Gl (520 4 1
il 5 390 b lite (35S degoora) )35 b degarme S ety ) S oS a Byne |y
I =A1]..| Th=A
=10 ) casp ploa b g daJgess 5l (alite 55 sladegossa | iye g5 ST A (] o &8
S 1=1,.0.0 o ol 4 (51095 0 obilgs €LY 5 03l o Slhas Juad Il ygmmed 5 | 1 (69900 puen AL 0
«Jbxisy (clas pl Ol «ygo ol g 55 g 2o € IES» (laniypl Olas o8 il A gae Jgops
ol G oles b a5 TS 4y b S L g)libl g ilaie a5l 5 g Jgane (] slasid) ppimen g anlss
1S dsgezme S U A 5wl A g T S6 acgome 93 gloinl ,SLis TLA «piomon g o jIET g 00 315
ol {A} 9aes

5l as)le GUL Ly 656 slate JUCSS gl ol Sl p> ilato 5 gyl aslgd ¢ opplel slaass,

! Multiset
2 Side Hypersequent
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(dosie (g elgd) il sboazs, -

ID — (1,1 — (t,r — (L — (T
A=4 (ID) = (f.1) =1 (t,r) rL=A (1) F=>T,A( )
silie clgd -
G| IT'=A G| I'=A
G| T,t=A (t,1) G| T =fA (f,1)
G| Th'=4,Ar G|[2=B,MA G| T',A=B,A
(—,1) (—,1)
G| I, A—=B =A, A G| IT=4—B,A
G| T, A=A GlT'h=4,At G|T2=>B,MA
G|T ANB=A (©.1) GITI,T:=A40B, A1 , A (©,r)
G| T, A=A G|T,B=A
G| T,ANB=A (A, G| T,ANB=A (A, 1)2
GIT,A= A G| T,B=A G| T=A4,A G|T=B8,A
G| T,AVB= A (v, 1) G| T=A4ANAB,A (A,1)
G| IT=4,A G| T=B,A
' (V.r) ' (V.r)2

G|T=AVB,A G|T=AVB,A

(ool "alas g b g pm Cunid ¢! gy LI aclgd) 1ol selgs -

GIT= A|T= A G
Gir=a  (EC) gt EW)

G|, A= A G| b= 4,M\
G| T, =AM

GIT;,IT=A G|, IL=%
GIT, I =A|, L=X

(CUT) (COM)

PG il S 5168 Lae s i il Glas l sl (BC) oy 2Ll 5 (BW) (g0 hunds acls
JB (EC) 5 (EW) aclgd Jlocl o 5 cuily anlgs 3959 S € G ansy & Jolas o5 )] cnisly gl J8 GUL

oaslb 4 (o5l i S0 slrdsgere p oo Wiyl an g baidy pb 45 ool riomes ool gl
S (clawsy ol Olas (oS 3500 5 00eB L1y 568 (COM) Jolss 028 g wuillys e |y Jbsi> Clus 5]
bl o cawwd 4 GIUL Loy, 456

G|, I = %1, A G| I, Ih=%X, A
(COM)
G, II= A, A 2, [L=%,%

029381 b o)l JBSS (sl pl Dl 48" 539l 00 oo 0 (5 (ary (658 (slate S 5l ien LS5 o CallSCie

S gy pl Ol GIUL @ o] 39331 b puiomen 9 1] 0 cawd 0 GUL & (CL) Co caumas ()bl 00cls

ol pU ellis ol )3 i LIS 5l g5 ol (gl) (AY ¥+ -V dSWg0 o lSi) byl o s 4yl (658 (sl
(2,35 e RGIUL s RGUL sy 1) s (s (556 slocls

G|IT,4, A=A
GIT, A=A

(CL)

! External Contraction

2 External Weakening

3 Communication rule (COM)
4 Exchange rule
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36 ghie S sland) pl Glas GUL Cluo @y o (L1 09581 b a5 LSkige  illSio aidly ol 4 8 S
RGUL (glaziypl Clus opl LT aS el o g 0 oo G g S5 Jlo (Y2 VY «Slg) 455" oo 0)lsl 1] oo cows 0 oy,
Sl FR d.'a.m OL""” RGUL bl 9 SLS)K;.J uJa.f) 3 d]au: L ol FR d.‘a...n dlm)ﬁl Olus Ol.o.h

Jeed G PR crheiy Ceol Cangdd g dlle VYT i &8 gbples
Sl ol (B (599 Sl gl 8L ¢l Jbo 5,8 SWIFR ghie o ,(AA BV C)— (AAB)VC)
gl odal )3 Jgeyd ol slandypl Olas b3l ) 3 908 b cawn o RGUL Clus auad Jgo,8 o) Ll ouiS
cwl FR d‘dw»))al u'.m> RGUL qu)JLJ 9 009 RGUL dwaﬁ J}n)ﬁ U’l u:])JLu

(D) ——(D) (D)
B=1B C=C C=_C
B=cClc=8 ‘M c=crc=8E" . =3P,
BVC= C[C=8 D gves cs=8EM
BVC= C[BVC=B
BVC= C]AABVO =B
AANBVC) = CIAABVO =B \
AABVO= CIAABVO = AAB 2 nn
AABVO) S (AABVOIAABVO=SAABWY ")
SAABVO)S (AABIVO[AABVCO =AAB
SAABVOIS(AABVO [AABVO = AABIVC

A=alD) B
AABVO = C[ASAEY)
AABVO = C[AABVOSA

AD2

— (AABVO)—(AABVO | 5 (AABVC)— (AAB)VO) (H'r),
(EC)

= (AA(BVC))— ((AA B)VC)

GL 5 01l ] loia o o 51 conl ' jloxe GL (gl L) sty ol S5 (sl 0l o5 2\ iy yo5
(el U) sy ol Sy (sl 0355 S nrizmad 334 il Cas o 9 30 ol (b5) 455 sl vl
a8l el Clas o 53 35 ol lodie il pbeelsl GL 3 015 o (gls) aess o 3o 31 el Vpdsigsly GL

<l Jous RGIUL , RGUL . GIUL « GUL gl s bl ) 40t

)53 g Sl oy Jsoyd (Sdm 59 32 Jg) 45«0l syl 93 5T Culimdigd S 4 la Sl ool b sl
Jges8 3 (ol bl gl selgd (pdigly 5o 9 sl cwsl)y 5 co Slodie 1 plaS” o LI (59 59y 2 oyl L
ADFADY ¥+ -V LSl5ge ¢ illSto 1.5, oyt Sl (glye) 2,5 o Jols by

(el 3t Jlpo GFIUL 3 GIUL ) ool sie GFUL 4 GUL sl el s ¥ 4utd

(ABAADE ¥+ -V diSge g cillSia 1.5, wlsl sl sl

FR sbladl g oo 41 585 cllaode .F

Bias ool Canoled @il 5 R Loy, glate (gl o0 40],) (clacSiilows 45 wubiso 3 cdino) ] 55 355665 VLo oy b
slaasus gm R ghio g5l claang oly ot @) Glacialow 5 slilaly b cosl 0392 5y slacSislow b
NAY (St 09 dxlpe diged (sl) s Bigly slacSitlows b cud 039 (> sloSitlows b FR (55065
2SS Saslos L RM coolod sl s ¢ oy (65 (slo late dine 55 soled L3l gl (VYY) o SSL V-V - o« SSL
oM 4 s FR Glate a8 sl 00 L3l (g locSilows 5 . (VAYE ()13) 33,5 00 VAYE 3 )b JSke by
9 FRY a5 95 consles sl .ol (98 plos g oo s iy syl 5 Gl85905 (sloolgeSs ol s plos

(FYY XYY (S5L) ol oaly @1, Y-YY dllie 3 L Iy FR glaie 5 FRT
— b)) Silows g s @ly) ol JSole Lauwgs VA 55 RO ing R gt il 181 aseud (s & pmom gl Siilos

SS9 5 Setlaws 45 Byme b by VoD Jlo 0 RUGRT Loy gl slaie iy o598 a5 93 (sl (5 pm0

! Admissible
2 Invertible
3 Schiitte-Tait style cut-elimination proof
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